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FOREWORD

The developments documeated in this report were carried
out at the Aeroelastic and Structures Research Laboratory,
Massachusetts Institute of Technology, Cambridge, Massachusetts
02139, under Contract No. F33615-74-C-3063 (Project 1367, Task
136703) from the U.S. Air Force Flight Dynamics Laboratory.
Mr. James L. Rudd (AFFDL/FBE) served as technical monitor. The
authors gratefully acknowledge the many contributions by Mrs.
Susan E. French of the Aeroelastic and Structures Research Labora-
tory. Mrs. French was involved with tue detailed programming
aspects of the work throughout the project. This report is the
second in a series, covering research conducted during October
1974-February 1975, and was submitted for technical review in
May 1975. The other reports in this series are AFFDL~TR-75-51
(Fracture Mechanics Analysis of an Attachment Lug), A-.7#i-TR 75471,
(Fracture Mechanics Analysis of Single and Double Rows of
Fastener Holes Loaded in Bearing), and AFFDL-TR-76-12 (Numerical
Computation of Stress Intensity Factors for Aircraft Structural
Details by the Finite Element Method). The contractor's

report number is ASRL TR 177-2.
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Section 1

INTRODUCTIUN

This is the s=cond of a series ol reports on the develop-
ment of finite-element analysis procedures for computation of
linear elastic stress intensity factors associated with cracks
in common aircraft structural details. Finite-element analysis
serves the important purpose of providing K; and KII solutions
for situations in which :he boundary geometries are too complicated
to permit convenient treatment by the classical methods.

The first report in the series | 1] summarized the formula-
 tion of two basic building blocks which are used in the analyses:

the well-known bilinear isoparametric quadrilateral and the PCRK59
:assumed—stress hybrid crack-containing elements. The former element
) has been wide1y accepted and appears in most general-purpose finite-
élement programs. The latter element was originally developed at
ASRI. in 1972 [ 2 ), and has subsequently been put through extensive
v?erforménce tests to characterize its behavior as a function of
~shape distorti.ons [ 3 .

.Barlier work [ 4, 5] has demonstrated that the assumed-
stress hybrid method permits accurate computation of stress
intensity factors, while preserving Matrix Displacement Method
conventions in the glohal programming environment (data input,
assenbly, matrix solution orocedure, ete.). In the present work,

the hybrid method is used auain to formulate another special-




The new element is combined with

Additional features belonging to
formally documented are employed

outlined briefly in this report.

purpose element for modelling the region around a fastener hole.

represent a skin tension panel containing an open fastener hole.

The ASRL FEABL program [ 6] is again used for global analysis.

technique of substructurir- by a Gauss elimination algorxithm.
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the quadriiateral and PCRX59 to

FEABL which have not yet been
in the prese:t analysis, and are

These features pertain to the




Section 2

NEW DEVELOPMENTS

Modularization of the finite-element model of a structure

becomes as important as modularization of the basic program when

the application is computation ~f stress intensity factors. The
ohjective is to reduce unnecessary arithmetic operations and
computer printout to a minimum. In particular, the stresses and
displacements are of little interest (and of no interest at all
at any distance away from the crack tip) except for verifications
l'ﬁ ﬁ of accuracy during development. The substructuring technique,
used for many years in airframe analysis programs*, provides the
required modularity. Subroutines for substructuring were developed
as add-ons to FEABL as part of an unrelated project** and have
been used in the present work. The substructuring algorithm and
?;f é the functions and conventions of the add-on subroutines are dis-

cussed briefly in this section to provide a complete picture of

the panel analysis program.
The so-called "near-field" region around a fastener hole
forms one such substructure module. The first attempt to model

this region with conventional quadrilateral elements resulted in

. *For example, the Boeing ASTRA program.

;*i *2Sponsored by the Xerox Corporation (Dr. T. C. Soong, technical
48 monitor).
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severe mesh distortion, numerous unwanted degrees of freedonm,
and solution accuracy problems. In consequence, the hybrid
method was called upon, resulting in the HOLEI. special-purpose
element for this module. The history of these investigations is

traced in Subsections 2.3 and 2.4.

2.1 Substructuring

Figure 1 illustrates the finite-element model of a square
panel which contains a single fastener hole offset from the
panel centerline. A detail in the lower part of the figure shows
how & PCRK52 element might be inserted to represent a small crack
emanating from the hole. It is evident cthat the complete global
soluticn (displacements at each of the many nodes in the model)
constitutes unwanted informaticn if the analysis ic to be repeated
while the crack location is varied parametrically around the
fastener hole.

A computationally more efficient procedure is obtained by
subdividing the model into far-ield and near-field substructures,
as shown in Fiqg. 2. The broken line in Fig. 2 corresponds to
the edges ABCD in Fig. 1. If the elenent stiffnesses, prescribed
nodal forces and nodal displacements are first assembled for the

far-field substructure, the resulting equation system may be

partially coclved. 1In effect, all of the information pertaining
to the far field substructure ic traasterred to th: inter-sub- l
structure boundary ABCD. This information may then be treated !

as a “"super-element", which can be assembled with a succession
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of near-field substructures containing a crack in different loca-

tions.

As a result, many fewer degrees of freedom are processed

in the parametric stress intensity computations.

The substructuring process may be represented formally as

follows. Let the assembled equation system Kgq = Q for a sub-

structure be partitioned into:

where
If:
q =
Q=
and where K.. = KT .
~BI ~IB

of freedom which are

be eliminated) and "boundary"
assembly along the inter-substructure boundary).

degrees of freedom are formally eliminated by solving the first

of Egs.

A
;'Sn 513 %: -} %1
A
581 538 1»3 Xs

stiffness coefficients

(unknown) nodal displacements

prescribed nodal forces

Subscripts I and B refer to nodes and degrees

considered respectively as "interior"

1 and substituting into the second:

Kaq:t "51813 =Q,

-4 2 -1

(to be retained for subsequent

The interior

(1)

(to

(2)

(3)
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A rearrangement of the terms in Eq. 3 leads immediately to:

533}: Q’ss (4)

ey

(c) ~l(c)
where §BB ’ QB

forces, given by:

are the statically condensed stiffnesses and

() -1 g
= K - K. K
‘SBB KBB ISBI“'II ‘518 (5)
Age) A sioa
€?1;= X3 t581!§1‘ G?I

(6)

It is apparent from Egqs. 5 and 6 that the substructuring

process may be realized as a computing algorithm independent of

ROy

the unknowns 9y, dge In practice, the process may be programmed

to eliminate one degree of freedom (cone equation) from the system

s D n el ST

at a time, so that inversion of §II is avoided. The entire
algorithm then consists of as many passes through the assembled
equations as there are degrees of freedom to be eliminated, a
proceuure quite similar to the Gauss-Cholesky factoring methods
normally used to solve the whole equation system [6 ].

Substructuring places an additional burden on the program

[ T TR, LIS VRS SO PRI W Tt P T VIR

user when the global software stores K as a band~matrix. It can

be shown by tracing the details that the elimination algorithm

inflates the stiffness matrix bandwidth if d¢ and qp are arbitrarily

(O TR SEPRTSR o




interspersed. However, if 9 always appear as the first degrees
of freedom in the global numbering sequence, the bandwidth of K
is not affected by elimination. This restriction has been placed
on the FEABL add-on subroutines, and it requires some care in the
choice of global numbering sequence and substructure boundary
locations on the user's part.

The foregoing derivation of the substructuring algorithm
assumes that all the prescribed quantities are nodal forces é,
while all of the displacements q-are unknowns. However, if
restraints are applied to the substructure such that a subset
§I of the interior degrees of freedom q, are prescribed, Egs. 2
thgough é may still be used. The only difference is that the
rows and columns of K corresponding to éIo are decoupled from

the equation system*, while the right hand side of Egs. | is

replaced by:

{ Q,. QB} = fglor 1“05 Q,- 5013:10} (7)

2.2 Implementation of Substructuring in FEABL

Three add-on subroutines have been programmed and verified
for the g -al computation tasks associated with substructuring.
Subroutine STACON executes the Gauss elimination algorithm on a

band-matrix which has been assembled and stored in accordance with

*Sae Ref. 6, Subsection 3.2.5.




the existing FEABL convertions. A normal MAIN program is written

to control the FEABL software up to the point at which K would
be factored in a conventional analysis. However, instead of
factoring the instructions:

ISGN =

CALL STACON (ISGN,NID,RNAME, INAME)
is programmed, where

ISGN

]

Matrix condition contro. parameter

NID

RNAME, INAME = Real (floating point) and integer

(Eixed point) variable names assigned

to the FEABL DATA vector

The control parameter ISGN must be set to +1, -1 or 0 before STACON

is called. A value of +1 aborts the run if K is not a positive-
definite matrix. A value of -1 aborts the run if K is singular.
A value of 0 always results in return to the MAIN program with
ISGN reset according to the actual matrix condition encountered:
positive-definite (+1), non-positive but nonsingular (negative
integer), or singular (0). The positive-definite cption is used
in conventional finite-element analyses. The nonsingular option
is used in special cases, e.g., Hermann's principle for which
ideally incompressible elements include volumetric constraints

in the assembled equation system. The option ISGN=( may be used

generally, in programs for which the user wishes to retain control

for debugging or other purposes when an error condition is encountered.

Subroutine STACON carries out the elimination process in place,

Total number of interior degrees of freedom




as shown schematically in Fig. 3. After execution, the statically
condensed force vector appears in INAME (IQ+NID) to INAME(LQ) and
the statically condensed stiffness coefficients appear in INAME (J)

to INAME (LK), where:

J=IK+INAME (IK@UNT+NID) +NID+1 (8) *

Tne shaded areas shown in Fig. 3 contain the back-substitution
information §;i éI and g;% gIB' which may be used to solve for
qy (Eq. 2) after 45 has been computed.

The statically condensed stiffnesses and forces may simply
be transferred to another storage area and treated thereafter as
a "super-element" if desired. A general programming sequence to

execute the transfer is given in Appendix A. If this is done,

the substructure may later be assembled into a complete structure

with subroutine ASEMBL or subroutine ASMLTV. A list of local-to-
global degree-of-freedom connections must be given for the “super-
element", just as is done for any ordinary element. However,
while the numbering convention for an ordinary element is fixed
by the manner in which the element subroutine has been programmed,
the convention for a "super-eliement” is determined by the user's
sequence of global numbering for assembly of the substructure.

For example, if the far-field substructure in Fig. 2 has been

*IKPUNT is another address control parameter. See Ref. 6,
subsections 2.1.3, 2.2.2 and 2.2.6.



numbered such that the boundary degrees of freedom are globally
assigned in the order A+B-C-+D+A, then the connections of the far-
field "super-element" to the near-field portion of the model must
be given in that order.

A second option available to the user is to leave the statically
condensed substructure in place and to employ a second DATA vector
for assembly and solution of the complete structure. Add-on sub-
routine ASMSUB has been programmed for this option. Subroutine
ASMSUB performs a function similar to the conventional assembly

routines (ASEMAL,ASMLTV), but is capable of assembling Kég). gé°)

directly from one DATA vector into another. Since two DATA vectors
must be manipulated simultaneously, extra address control parameters

are required. The beginning of the program might appear as follows:

DIMENSI@N RNAMEL (xxx), INAMEl (xxx), RNAME2(yyy), INAME2(yyy)
EQUIVALENCE (RNAMEl(1), INAME1l(1))

EQUIVALENCE (RNAME2(1), INAME2(l))

CEMMBN /SIZE/ NET, NDT

CONMSN /BEGIN/ T~ON, IKPUNT,ILNZ, IMASTR, IQ, IK

COMNGN /END/ LCON,LKBUNT,LLNZ, LMASTR,LQ, LK

COMMEN /SIZESS/ NETSS,NDTSS,NIDSS

CPANMZN /BEGSS/ IBEG(6)

CPMMEN /ENDSS/ LEND(6)

3
.

-

Now suppose that a substructure is assembled and statically

10
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condensed in vector (RNAMEl,INAME]l):

-
.

ISGN=1

CALL STACON (ISGN,NID,RNAME]l, INAME])
At this point, the substructure's control information must be
cleared from the labelled COMMON areas to permit formation of
the complete structure. The information is transferred to the
extra areas:

NETSS=NET

NDTSS=NDT

NIDSS=NID

IBEG(1)=ICON

-
-

LEND(6) =LK

The program continues with a conventional generation of size,
connections, assembly, etc. for the complete structure in vector
{RNAME2, INANE2) until the substructure is to be assembled. At
this point, the user simply programs:

CALL ASNSUB (LNUM, RNAMEL, INAME]l,RNAME2, INANE2)

11
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3

-

where LNUM represents th? element number assigned to the sub-
structure, considered as a “super-element" in the complete
structure.

There are some cases for which the solution g, may be
required in a particular substructure. Subroutine QBACK has
been programmed as the third add-on to execute the required back-
substitutisn solution for 9y - Subroutine QBACK is designed to
work with ASMSUB in the multiple DATA vector environment. Suppose
that the above example is continued to the point «t which assembly
and constraint of the structure equation system are complete.

Factoring and global solution now follow:

.
L]

-

CALL FACT{ISGN,RNAME2, INAME2)
CALL SITMULO(ENERGY, RNAME2, INAME?)

At this point, vector (RNAME2, INAME2) contains the solution g

for the complete structure. Part of q is, in fact, the boundary
displacement solution 9y for the substructure. An interior solu-
tion may be obtained by continuing with:

CALL OQBACK (LNUM, RKAME], INARE] , RNAME2, INANE2)

After exccution of QBACK, the substructure global solution iqliqai

appears in vector (RNAME], INAMEL). The solution will also be

12




printed by subroutine QBACK.

2.3 Experiment with Conventional Mesh

The first attempt to model the panel and fastener hole was
made with conventional gquadrilaterals and a S-node hybrid mesh-
expander element., Experience with analysis of an attachm=2nt lug
detail |1 }jindicated that at least 24 guadrilaterals shoul! be
placed around the hole to obtair accurate solutions. One then
faces the following choices for the panel:

1. Mesh expansion in the near-field region to reduce the

number of divisions below 24 on the near/far-field
boundary (ABCD in Figs. 1 and 2).
2. Accoptance of 24 divisions on the neax/far-field touandary
and continuation of this detail into the tar-field regieon.
3. Acceptance of 24 divisions on the¢ boundacy, with some
mosh expansion immediately outside the near-field veaion.
The first choice was judged to be uniikely to give accurste computed
displacemoents aear the hole bacause of the sovaore shape distortions
which the mesh-expander colements would have caused. The second
choice was deemed to be unacceptable in that tod many unwanted
dagrees of freedom would be placed in the far-field region, =aking
gither cne-staqe solution or substructuring computationally ineffi-
cient. The third choice was consequently selected as the hest
compromise between computational efficiency and solution acewracy
near the hole.
Figure 4 illustrates a typical mesh for a panel with the

fastaner hole centered. Extra detail is kept in the far-field

13




region to the right of the hole in order to permit the hole to
be offset continuously toward the .right edge of the panel while
avoiding extreme aspect ratios in the far-field elements. Tests
with this model quickly showed that the asymmetric mesh grading
led to highly asymmetric behavior of the computed solutions.
Figure 5 illustrates a typical example. Computed horizontal
displacement of the left and right edges of the panel are shown
for the case of uniform vertical tension and the fastener hole
centered. The inaccuracy of the model was judged to have been
caused by the combination of asymme ric mesh grading, aspect
ratio effects, and shape distertions in the near-field reqgion.
The conclusion was that conventional finitc-element models
could be made to work for the panel structure only with very
fine detail, and therefor at an unacceptably high computing cost.
Lest it ke thought that too much accuracy has been demanded from
the analysis, we remind the reader that more than an engineering
solution is required to achieve the ultimate goal. In considering

as

the accuracy of the ¥, and Rx solutions, it has been shown{ 1, 1]

I 1
that shape distertions of the PCRKS9 element alone can account

for as much as 3 to S parcent error. PFurthermore, dirvect verifica-
tion of accuracy by comparison with independent methods is possible

only for K, with cracks emanating horizontally from the fastener

1
hole., Hence, a finite-element model capable of computing highly
accurate displacements near the fastener hole 13 required to

achieve engincering accuracy in the final answer. As a result,

the assumed-stress hybrid method was investigated as a possible

14
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alternate way of handling the transition from the circular hole

geometry to the cartesian geometry of the near/far-field boundary.

2.4 Creation of a Hybrid Fastener Hole Element

The energy principles on which hybrid elements are based

I A AR ST S PR NS Y RIS OOTY

have been reviewed previously [1 1. The enerqy principleT‘l was
chosen for the present investigation, giving the general form of
an element stiffness matrix as:
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and where

(Y
1

Element area
dA = Element boundary
L = Matrix of assumed-disvlacement interpolation

functicns defined on 3A,

T A T T A R U
t

N = Matrix of direction cosines for the outward

RIS

nermal to 3A.

g
]

Matiix of assumcd-stress shape functions.

LN
it

Matrix of elastic compliance constants.

t
]

Elemeat thickness (assumed to be unity without

luss of genzrality).
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Two fundamental properties of hybrid clements make them useful
in linear elastic plane stress and plane strain analyses:

1. Great flexibility in chuice of element shape is permitted,
since L need be defined only in terms of an arc length
coordinate from node to node along 23A, and since the
shape functions P need only satisfy the continuum
equilibrium eguations.

2. Many shape functions P can be chosen to satisfy equilibrium
and at the same time z1llow the element to closs=ly mimic
a particular local stress distribution.

Both properties have been used to advantage in the development i
of an element for the near-field region.

Practical application of the hybrid method requires that the

analyst account for known lecal “»ehavior in the formulation of

his element. In the present case, one reasonably expects to see
sin(26) and cos(206) components in the stress distribution near

a fastener hole in a panel under tension, as well as terms indepen-

dent of &. Second, cue should expect to see the near/far-field
boundary deform in the manner shown schematically in Fig. 6.
Simulation of this behavior requires that the element have at
least three nodes (corners and mid-edge) along its near/far-field
boundary edge. Third, the element must be kinematically stable,
since it will be placed in the mesh s0 as to separate two conven-

tionally modelled regions. Kinematic stability is assured if:

‘.}f" mxn-3 (12)

16
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for plane stress and plane strain elements, whzare

m = Total number of assumed-stress shape functions.

n = Total number of nodal degrees of freedom (dis-
placements) in the element.

Finally, at least 20 nodes should be provided along the circular
inner boundary, which may serve either as the fastener hole boundary
or as an interface to which quadrilaterals and PCRK59 elements

may be coupled.

The kinematic stability condition results in a quick determina-
tion that modelling of the entirr: near-field region with a single
element would be impractical. For example, assumption of the
minimum number of nodes (8 along the cuter, 20 along the inner
boundary) results in a 56-degree of freedom element which requires
m > 53 assumed-stress shape functions. It is seen from Eqgs. 9 and
11 that H is an mxm matrix which must be inverted to compute the
element stiffness matrix. Furthermore, H is fully populated. The
single-element approach was rejected in view of the difficulty
in finding 5. shape functions and the computational inefficiency
associated with inversion of a 53 x 53 matrix.

A 90-degrv: segment of the near-field region was the first
geometry for which an element developmant was attempted. The
element shape, shown in Fig. 7, encompasses one quarter of the
circular boundary and one edge of the iear/far-field boundaiy.
With 20 divisions allowed around the hole, the element possesses

6 inner nodes in addition to its 3 near/far-field boundary nodes.

17




The element can be subjected to rotation transformations and
repeated assembly to model the entire near-field region. The
kinematic stability requirement now leads to m > 18 - 3 =15 for
the minimum number of stress shape functions. However, since
rotation transformations are contemplated, insensitivity to
orientation enters as another practical requirement. This leads
to a choice of m=16, as explained in Subsection 2.5. Tests of
the 9n-degree element highlighted a problem of inaccuracy in the
integration for the g matrix (EqQ. 11), which was judged to have
been caused by the presence of terms in sin(46) and cos(46) in the
stxess shape functions P.

The approach finally adopted divides the near-field region
into eight 45-degree elements. Figure 8 illustrates the basic
element, which possesses 4 nodes along its circular boundary.

The element possesses 12 degrees of freedom, and therefore m>9 is
required. To preserve orientation insensitivity, m=10 is chosen,
so that all sin(26) and cos(26) terms are included in P. The entire

near-field region is assembled by first computing k, for the basic

1
element and then subjecting 51 to a series of transformations for
the seven other elements shown in Fig. 9.

2.5 Pinal Formulaiion of Hybrid Hcle Element

The choice of assumed-displacement interpolation functions
for the hybrid element is dictated by .he need to maintain inter-
element compatibility along its edges. Since the hole element
must be capable of coupling to a quadrilateral or a PCRK59 segment

between cach pair of nodes, linear interpolation must be used.

18
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In general,

)’uw}___ Lag - [oo e O -4/t 0 44 0 o~--o]'$ﬂ
vie)) = 00 0 0 -4 0 MO0 41,‘ (13)

4

where dyr Qpr »++dy, are defined in Fig. 8, and where

u(4) = Horizontal edge displacement.
v(4) = Vertical edge displacement.
£ = Length of edge between a pair of nodes.

The arc coordinated in Eg. 13 is a relative measure of distance
along any edge, with the positive sense taken as counterclockwise
for integration along 5A. Note also that the nonzero terms in

L appear in different positions for different edges. For example,

L . [0oo0001-ar 0 4o oooo]
~34 0000 0 1-% 0% o000 0 (14)
for the edge between nodes 3 and 4, while
,[%o 00000000 1-44 0
~6f Lo%4 00000000 0 141 (15)
for the edge between nodes 6 and 1. In a similar manner,
4=0, 034 at nodes 3,4
(16)

4= 0,4 at nodes ¢ 1

19
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ind so forth. These changes of definition do not cause difficulties

in the boundary integration (Eq. 10) because the computation is

carried out numerically, one edge at a time.
Assumed-stress shape functions are selected most conveniently
by direct adaptation from classical elasticity solutions in polar

'f? coordinates. Let an Airy stress function jﬁ(r,e) be defined by:

, L3 1% FE 1 9F 13

1 T 9r TP gt %0- arr U T30 T I3 (17)
= Then the equations of elasticity for homogeneous isotropic material
E reduce to:
: vivid(ne) =0 (18)
’é where

] RN

75 1_ e — oy

v ort t r ar r: 9pt (19)

, By assuming as an expansion for the stress function:
. - Y 2w [ . ]
= $lro) =9 (r)+ 2 ¢ (r)lsin(ne) or cos(no) (20)

ned

i it can be shown that Eq. 18 reduces to a set of equidimensional

(0) 4y, (D

ordinary differential equations in ¢ (r)yo.. , for

20




which the following solutions are obtained [ 7 F:

$°r) = ay + by Inr + ¢r? dyrdnr (21)

g = a,r 4 byr F G, r +dyr 3 n22 (22)

Stress distributions corresponding to Egs. 21 and 22 are obtained

by substituting back into Egs. 17[ 7]

“ = Q§§+ 2¢o+ dy (142 4nr)

re r

Y oa-ber 26 +d, 5r2dnr) (22)

66 T
(‘)=0

ré

N
I

<

R

and (n)

T

n-2 ~-Ned n
- [an(n-n’)r = b, nen?)r T+ C, (2en-p¥)r -

+dn(2-n-n‘)r'“][ sin(ng) or cos(no)I

- “h-2
Z‘g:n[an(n‘-n)r” Eaby 0ten)r T T w g, (243men?) " 4
(24)

td, (2-3n+n‘)7‘-" }[34‘0(716) or coshle)]

{ - -n-1
= Lagnm)r™ - b (nen)r " N ey (2 en) X

re
-d,w-n)r" ][-w:(ne) or .n‘n/na)]

—

*The solution for ¢’(l) (r) is of no interest in the present work.
Terms in sin® and cos0d correspond to problems in which a dis-
continuity has been introduced, e.q., re-welding of an annulus
after a segment has been cut out.
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The undetermined coefficients bo' Co' cen dn in BEgs. 23 and

.

24 play the role of assumed-stress degrees of freedom, which are

D et a

eliminated when the element stiffness matrix is formed [ 1} The

remaining ro6-dependent portions of the terms are placed in the
shape function matrix P.

Shape functions have been chosen from Egs. 23 and 24 as
follows. For the 6-independent terms, logarithmic behavior is
not particularly desirable; only the bo and C, terms have been
retained. This choice is admittedly arbitrary. To complete P,
enough 6-dependent terms are chosen from 26, 46, 86,... behavior
to satisfy kinematic stability and orientation insensitivity.
The latter requirement demands, e.g., that all 26-dependent terms !
be retained if any are required for stability. It is apparent from )
Eqs. 24 that there are eight n6-dependent terms for each n when )
sin(nB) and cos(nf) terms are included. Thus, selection of the
20-dependent terms provides a total of 10 shape functions, just
enough to satisfy the requirements for the 45-degree element g
(The 90-degree element requires addition of the 46-dependent

terms as well, making a total of 18 shape functions.). The shape

function matrix, as finally adopted for the 45-degree element,

is given by:
-2¢03520 =-b¢os20/r* 0 “4c0s20/r* -25in28

~P 8)=|  2¢0s28  6cos20/r' 12ricess 0 25028
23020 -63n20/r! Erisin2® -~25inlB/r' -2ces 20

-ésm20frt O ~fsin28/r* Vet 2 (25)
8sin2ofrt f2risinb 0 ~lfpr 2
Ccos26/r? -bricas2d  Q40s28/r* 0 0

22
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The numerical integration required for computation of the
H matrix (Eq. 11) is accomplished most conveniently in polar
coordinates. However, computation of G (Eq.10) actually requires
the cartesian surface tractions which correspond to the assumed-

displacement field:

T-1% 5} =Nig, o, a,1-NPg (26)

where 8 represents the vector of stress unknowns ([1]). Hence,the

following modification of Eq. 10 is regquired. Since
it %, i Pa (@7

in the present case, a Mohr circle traasformation must be introduced:

¢-M7z-MPg (28)
and 8q. 10 is replaced by:
h g
G- ta{(gtlf\ L da (29)

where
2 \
Cosxﬁ sin 8 -sinld
g = sin’®  cas’h sin 29 {30)
dsinld -%slnlﬂ CosP

In BEq. 30, # is the angqular coordinate of the current integration

station on 3A. Thus, the price paid for convenience in choosing

23




P(r,6) is the slight amount of additional computation required

to form M at each integration station, as the element boundary

'fff oA is swept in Eq. 29.

i
1
!

2.6 Transformation-Assembly Procedure :

A complete set of stiffnesses for the near-field region can
be obtained from a single element computation by means of a
transformation-assembly sequence. Element number 1 in Figs. 8
and 9 is always assumed to be oriented with edge 61 along the
positive x~axis. Egs. 1l and 23 are integrated with Gauss-
Lagrange quadrature (GLQ) formulas {8] to compute 51, which is %
then assembled into a near-field substructure in accordance with ?
the global node numbering scheme in Fig. 9. {.

It is apparent that the stiffnesses for elements 3, 5 and 7 ;
can be obtained by rotation transformation of 51. For example,
element 3 is oriented at +90 degrees from element 1. Hence, the

transformation:

{% g, zlz}g.a B ;1‘ g, 313}6 (31)

relates the locally oriented displacements 9 to the globally

oriented displacements Qg where:

24




:fl - A

cosfh sinb

-5ind <cosb

: B cos® sin

-nd cos8

R =

-2 ~

(32)
;{: €os® sinb

§ (Supcr'-Jiqjoncl ) -5in® (Cosd 7 (122 12)

>3

” ] An example for one pair of nodal displacements is illustrated in

- Fig. 9. Since strain energy is independent of any particular

coordinate system, a global stiffness matrix for element 3 may

3 be computed as follows:

Strain Enerqy = & N k = L7 k

: 3Y z!L..-, cig Kige (33)
-3 Introducing Bq. 31 for qy, leads to

T T r

g R kR .1 kg (34)

for arbitrary values of 96 Therafore:

t

. ko R kR ; 6.2 (35)
and in a siwnilar manner,
E | k., k = R'kR -

: Koy 8, " K kKK &=« 3u/2 (36)
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The sequence of rotation transformations given by Egs. 35 and
36 assembly according to Fig. 9 is followed.

A stiffness matrix for element 2 can be obtained from 51
by the reflection transformation iliustrated in Fig. 10. 1If
element 2 is considered relative to a reflected xy axis systen,
then its stiffness is identical to k with the displacements
oriented as indicated by the broken arrows. However, stiffness
kz is wanted again with respect to 9g- It is evident from Fig.

~

10 that for this case:

L2t

where

-\
-

e
4
"

‘X

3;}

Di‘ «Q t,
‘{ S L V) tgsta)

N

Applying the s:irain energy argument again then gives immediately:

k,-x k n (39)

Alter 92 has boen assembled, the procedure is completed with

rotation trarnsformations for:

T
k"?%&’ !?!: B 51@

y G w iw/2 (40)
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where R is given by Eqg. 32. The transformation-assembly procedure
has been programmed internally, and the final result may be
thought of as a single element with 16 outer boundary nodes, 24
inner boundary nodes, and 64 total degrees of freedom. Figure 11
illustrates the numbering convention for the assembly, which will

be referred to as HOLEL in subsequent discussion.

2.7 Performance Tests

Several periormance tests were conducted, in addition to
routine checking of inversion accuracy in the H matrix, in order
to assess ths capabilities of HOLEL. Although its primary
function is to serve as a link between a few inner rings of
quadrilaterals and & coarse far-field mesh, there is some interest
in determining the solution agcuracy for structures in which the
inner boundary of HOLEL is stress-free. Errors are to be expected
for this situation, siace the assumed surface tractions N M P §
generally ao not vanish when P(r,%) is computed tor points lying
on the element boundary »A. Errors of thas type usuvally appear

as overshoots in the computed stresses, given by (Q}):

} "’2

-1
e} PirayH G $.° 8 e ‘. (41

where r,.9 represent any point in the elemont domain A Or on the
boundary 3A. MNatrices Bl(r.ﬁ) wore computed during the formation
of k, for sevzral points along a ray a4i 2 = 27.% dearees an
element 1 (Fig. 9) for the purpose of the test.

Figs. 13, 14 and 15 itlustrate the results of a test seriex

in which the dimensions of HOLEL are {gee Fic. 12):

27
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2 inches i

[t}

Hole Diameter Do

8 inches

1]

Edge Dimension W

coarbr e

The value W/Do = 4 wis chosen on the »~asis of a classical
elasticity solution which indicates that far-field conditions
are achieved -t r/RO = 4 for an open hole in an infinite plate

{9]1. The finite-element results computed from Eq. 41 are compared

with the classical sclution at 9 = 22.5 degrees [7].

The effect of increasing the number of GLQ integration
stations 1s studied in Fig. 13, which plots Tape This stress
component i1s the least sensitive to overshoot error because it

does not enter into the stress~free condition on the inner circular

portion of the boundary. The results show that 3 GLQ stations

are too few, while acceptahle accuracy is obtained with 4 or amore
stations. The programming of HOLEL was subsequently fixed at

5 GLQ stations basad on these results. Tho meaning of "5 stations®

is dctually: o

5 stations x & edges to compute O on A = 30

5_X % stations to compute H in A = 2% 3

Total GLY integration stations = 35 ;

This amoun® of computing is comparable to the amount required for g
the PCRKSY olement. E
Figqures 14 and 1% illustrate the behavior of frr and :rﬂ' %
vespectively. Finite-element results ave shown anly for 5 GLQ é

stations. These results deomonstrate murprisingly that HOLEL 1w

able to achieve the stress-free condition. However, some inaccuracy
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can be observed at r/RO 1.7. The important concluvsion to be
drawn from this test series is that HOLEL can be used without
interior elements to model a multi-fastener-hole structure for
which, e.g., local stress distributions or KT and KII solutions
are sought only at cone fastener hole, or at some other location.

The second test series studied the performance of HOLEL as
a function of the parameter W/Do' using the test problem illustrated
in Fig. 12. Results fo. Tgg are plottel in Fig. 16. Some performance
degradation is observed for W/Do = 3, as the near-field stress
gradients begin to appear in the far-field elements, which are
incapable of following this behavior with complete accuracy.
Considerable degradation is also seen for W/Do = 8, a result which

might be attributed to either the absence of far-field terams in

P(r,8), or errors in computing G and H caused by shape distortion,

or both. One may conclude from these results that limitations
must be placed on the edge distance and centerline spacing in
HOLEL models of multi-fastener structures.

The objective of the third test series was to study the
accuracy of HOLEL for the case of combined interference-fit or
bearing loads and panel tension. Two tests were conducted, in
which additional loads were applied at the fastener hole boundary
of the model shown in Fig. 12. 1In Fig. 17, results for T, are

plotted for the case of 1 ksi panel tension combined with 1 ksi

uniform pressure to represent an interierence fit. A curve faired

S through the computed stresses extrapolates to -1.07 ksi at the f

fastener hole boundary, i.e., an error of about 7 percent. In

ST A S L A s



Fig. 18, results for T, are plotted for 1 kxsi panel tension
combined with a bearing pressure distribution given by:
2P .
f{g)c T Sin b ;

(42)

P=8ooo 4b. , O0sos™

Eq. 42 gives

T, =~ plo)= -1.95 ks (43)

at 6 = 22.5 degrees. 1In this case, a curve faired from 1l computed
stresses extrapolates to the exact value at the fastener hole
boundary. It is apparent from these results that HOILEL is

accurate for both interference-fit and bearing loads. 1In the
former case, the results could have been improved by computing

L at 11 locations instead of the 5 which had been used. Far-
field element stresses were also checked for this test series.

In the case of interference-fit, the computed values for cartesian
gtress in the far-field elements were cyy =1 ksi and Oux = oyy 20
{to the roundoff level of the computer), with very little disturbance.
In the case of bearing, it must be recognized that the 8,000~1b.
bearing lcad adds to the 16,000-1b. p=2nel tension load (1 ksi x 16-

inch edge) for the far-field elements below the fastener hole.

The computed stresses were in fact °yy = 1 ksi for the upper

e

elements, © = 1.5 ksi for the lower elements, a2nd ¢ = g 0,

YY XX Xy
with load-transfer effects appearing in the far-field elements

adjacent to HOLEL.
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In the fourth test series, four rings of guadrilatevral and
PCRK59 elements were added to the structure model with the outer
ring coupled to the circular boundary of HOLEL. Two test cases
were analyzed. In the first case, the ring consisted entirely
of quadrilaterals, and a cosine bearing pressure distribution
(Eq. 42) was applied at the free boundary of the innermost ring.
Figure 19 plots the results for Tor computed at the centroids of
one "slice" of four gquadrilaterals, along a ray at 6 = 97.5 degrees.
The faired-curve extrapolation of these four data points agrees

well with

P ~
'Z;.rs —1)(97.5'0) = = n,_,Eo Sm/??d") =-25,2 ksc (44)

In the second case, one or two groups of four quadrilaterals were
replaced by PCRK59 elements to simulate a fastener hole with a
crack at 6 = 0 or two equal-length cracks at 6 = 0, 7. Several
cases were analyzed covering the parameter ranges:

Hole diameter/HOLEL Edge: 0.02 <Dy /w < 0.05

HOLEL edge/HOLEL diameter:W/D = 4

Crack length/hole radius: 0.25 < a/RI < 1.0

Table 1 compares the computed X_ values with independent classical

I
solutions {10, 11]. The results demonstrate that the finite-

element model is capable of providing reasonably accurate KI solu-

tions for quite extreme geometries (small fastener hole in a

i e Sl

lairge panel).

The final test series consisted of a number of demonstration

runs of the complete PANEL program, in which KI and KII solutions




were computed for another range of W/Do values. These results

are presented in Section 5, following the documentation of the

HOLEL procedure and the PANEL program.




Section 3

HOLEL PROCEDURE

Due to the complexity of the model, HOLEL has been programmed
as several interrelated subroutines. Subroutine HOLEL provides
overall control of the stiffness generation-assembly-transformation
procedure, calling upon subroutines QHOLEL, GMTRX, HMTRX, LMTRX,
MJIMTRX, PMTRX and TRIG to execute specific computational tasks.

In addition, HOLEL uses some of the FEABL-2 software (6] for the

assembly process.

3.1 Structure Model and Input/Output Conventions

A square near-field region with an inner circular boundary
of radius Ro is modelled. The numbering conventions have been
indicated in Fig, 1l. Subroutine HOLEL is invoked by:

CALL HOLEL(COORD, THK,S,RI,RSS,ISS,B)

where the arguments are dimensioned and defined as follows:

COORD(12) - Vector of cartesian coordinates of the
element corners in order xl'Yl'zl'XZ""'
z4. (In the present version, the element
is assumed to lie in the XY plane, and the
Z coordinates need not be given any values.)

THK - Scalar value of element thickness.

S$(3,3) - Array Jf elastic compliance constants for

homogeneous isotropic material, i.e.:




i i1 -» 0
- — -y 1 O
S-F(% o 200 (45)

RI - Scalar value of inner boundary radius R,.
R5S(2097) ,- Floating-point and fixed-point'names of a
185(2097) FEABL-2 DATA vector. These arguments must
be equivalenced, as well as dimensioned in
the user's MAIN program.
B(6,3,13) - A collection of B matrices for stress analysis
(see Subsection 3.2).
HOLEL returns the assembled subregion stiffnesses as a variable-
bandwidth~stored matrix in the DATA wvector RSS,ISS. The results
may be read into another storage area with the algorithm given
in Appendix A, or may be assembled directly into another DATA
vector with FEABL-2 subroutine ASMSUB (see Subsection 2.2).

Procedure HOLEL requires no input data cards.

3.2 Required Subprograms and Other Features

Procedure HOLEL requires the following additional software
for execution:
1. ASRL FEABL-2 subroutines ASMLTV, ORK and SETUP.
2. IBM Scientific Subroutine Package subroutines MFSD
and SINV,

No external disk or tape files are required.
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3.3 Model Generation and Program Flow

Figure 20 summarizes the program flow in Procedure AQLEL.,

At entry, whatever control parameters are present in the FEABL-2
labelled COMMON areas SIZE, BEGIN and END are saved in temporary
storage. Subroutine SETUP is called to establish address control
for the RSS,ISS vector for a structure model with 64 total degrees
of freedom, consisting of the eight l2-degree-of-freedom 2lements

in Fig. 9. Element interconnections are then generated internally,
in accordance with the numbering conventions in Fig. 8 and Fig. 11,
and subroutine ORK is called to compute the bu:d margin and complete
address control for the assembled stiffness matrix.

Subroutine QHOLEL is now called to compute 51, the stiffness
matrix for element 1. This subroutine calis in turn subroutines
HMTRX and GMTRX to compute g_l and G, forms the stiffnesses ng-lg.
Subroutines HMTRX and GMTRX loop ove: tha GLQ integration stations
in the element domain A and on 3A r spectively, calling upon sub-
routines TRIG, PMTRX, LMTRY and MNMTRY to compute g(r.e), L{a)
and ngT at each station, and accumulating the product sums

ng and (ggg)Tg. Subroutine

(including GLQ weightiry factors) fer P
HMTRX calls SINV (which calls MFSD) to invert H.

After 3 has beer comp .-ed, subroutine QHOLEL forms a 6x3xl3
matrix for stress analysis, consisting of six matrices g(r,e) as
given by Eq. 41, and stored in accordance with the following

conventions:

-

B,
B(1,3,K)= | B;(n,8) i p ] (46)
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where subscript I identifies the specific B matrix, and where

o:’ = X'/a 5 i:i)z’ =y 6
n=R, (47)

Ti= Tiogt 0.2 (distance from R, to outer
boundary along 8;) ; 1=2,3;-,¢

Thus, the B matrices refer to six locations which divide the
ray 6 = 1/8 into five equal segments, with gl located on the
inner circular boundary and 96 located on the near/far-field
boundary. Polar stresses for these locations can be computed

from:

12
1%, T Trgli= STRESS(), = ExB(I,J,K)‘ a(x) (48)

where

Q(K) = (49)

An extra column (K=13) is appended to each B matrix for storage
of the polar coordinates of its location.

At this point, subroutine YOLEL regains control and executes
the transformation-assembly process outlined in Subsection 2.6.
In the program, 52 is formed first, and the assembly sequence is

programmed as:

36
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Assembly of 51 and k

Rotation through n/, to ky and g,
Assembly of 53 and 34
Rotation through n to kg and ke

-

.

Assembly of k4 and kg

Finally, the HOLEL address control parameters are transferred

to the FEABL-2 labelled COMMON areas SIZESS and BEGSS, and the
user's control parameters are returned to areas SIZE, BEGIN and
END. Control is now returned to the user's calling program, with
HOLEL ready for assembly to the user's structure mcdel by means

of FEABL-2 subroutine ASMSUR,

3.4 _Procedure Status

All of the HOLEL subroutines, together with copies of 18M
subroutines MFSD and SINV, are maintained as a unit in the form
of individually sequenced, 029-punched FORTRAN-IV source decks.

A listing of Procedure HOLEL appearvs in Appendix B.

Y
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Section 4

PANEL PROGRAM

The PANEL program is an executive program which controls
the assembly of several substructures into a model of a skin
tension panel with a single open fastener hole. The PANEL program
uses procedure HOLEL and several additional special-purpose proce-
dures to generate the required substructures. Details of these

additional procedures are discussed in Subsections 4.2 and 4.3.

4.1 Structurce Model and Input Conventions

Fiqure 21 illustrates the structure which the PANEL program
mrxlels:  a reoctanqular panel loaded by uniform tension on its
horizontal cdgoes. The panel contains a single fastcener hole
contered vertically., The fastener hole may be cither centered
or offset horisontally. The vertical edges of the panel may be
stiffened symmetrically with inteqral staffeners, if desired.
One or two cracks may be placed to emanate radially from the
fastener hole. If two cracks are specified, they will be located
1R0 daqrees apart, aml they may be of equal or unequal length,
The angular position, 0, to the first crack may be varied in
19=derjree incroments from 0 to 145 degrees if there is only one
crack, or from 0 to 165 dogqrees if there are two cracks. A
second version of the PANEL program is available for a structure

in which only the left odge may boe stiffeoned,. The scocond version
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is otherwise similar to the first version, and will not be
discussed separately.

Four input data cards are re.uired for the PANEL program.
The input data describe the specific panel ocometry and define
several parameters which control the type of solution executed
and the amount of information printed. Figure 22 iliustrates
the correct format for the input cards:

l. Panel parameters

WIDTH = Total width of the panel, Wp.
LENGTH = Total length of the panal.
THK = Panel thickness.

STFFCT = Stiffener factor.

PRESS = Tension loading, dyy‘

RI = Radius of the fastener hole.
IOFFST = Offset indicator.

2. Crack parameters

A{l) = Langth of first crack.

A(2) « Length of second crack.
IPOS{)) = Crack initial position number
IPOS(2) = Crack final position number.

3. Material properties

E = Young's modulus.
v = Poisson's ratio.

4. Print control parameters

KTl = Control for optional FEABL-2 output.
KT2 = (ontrol for optional FARFLD output.

KT3 = Control for opticnal RING output.
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8 | The stiffener factor is defined in terms of the panel
k !
‘f dimensions (Fig. 21):
STFFCT = W t, [Wptp (50

The value STFFCT = § correspends to an unstiffened panel. Negative

values may be used t¢ analyze panels with edges thinner than the

primary structure. The offset indicator is used to control the
type of solution desired. The following opticns are available:
L@i IOFFST = 9§ - Centered fastener hole only.
°f; IOFFST = 1 - Fastener hole moves right.
ET IOFFST = ~1 - Fastener hole woves left.
g' For the latter two options, solutisny are axecutea auvtomatically
%f beginning with the hole on ¢anter and ending with the hole as
%' close to the edge of the panel as permitted by the finite-elcuont
g- model. If STFPCT # 0, motion of the hole is further restrictaed
E to avoid overlapping with a stiffener.
ge A value of ¢ should be assigned to crack length A{2) if a
,i structure with only one crack is to be analyzed. Crack sizes up
% i to 1.27 {RI) are permitted. The crack position numbers control
i V the angular location of the first crack as follows:
1‘ | Bimitial = (1posii)- L) ao
; final = (TPOS(2)-1) 86 Y
! 48 = w/liz rad. « 45 Je\’.
Pernissible limits for the position numbers arc:
: 490




{S TPOS(1) S Ny TPOS(1) S IPOS(2) € Ny (52)

where

4]

Nuay = 24 i AZ)=0

. 53
Nway = 12 F A@)#0 (53)

Solutions sre executed automatically beginaning with the first
crack ia position 1 and ending with the first crack in position
2. A singie svlution is executsd if IPOS(2) = IFOS(l). & case
mat:ix ig executed if ICFFSYT # 0 and IPOS(2) > IPOS({1).

Most of the routine information printed by the PANEL program
is of no interest when production runs are executed. This informa-
tion may be deleted from the output Ly a3signing each of the
control parametcers KT, KT2, KT3 values equal to the FORTRAN
unit nuwaber for the line printer at the user's computing facility.?*
Any other value permits full ourput by the associated software.
Full output is recommended for initiul testing of the program at
3 new facility. Output from FARFLD and RING should be al)lowed

whenever a new range of panel disensions 13 tried.

2 _Reguired fubprigrame avd Other Features

.

The PANEL program roquires the following additional software

for execution:

e A i e i e v St e & e YA s - - e

*The same value used in a print instruction, e.qg., WRITE (6,1000)
A,B,C.  The FORTRAN unit number in this case is 6.
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1. ASRL FEABL-2 subroutines ASMLTV, ASMSUB, BCON, FACT,
ORK, QBACK, SETUP, SIMULQ, STACON and XTRACT.
2. IBM Scientific Subroutine Package subroutines MFSD
and SINV,
3. ASRL procec'wres FARFLD, HOLEL and RING, with included
subroutines.
4. ASRL elements PCRK59 and QUAL4.
No external disk or tape files are required. The program must be
able to communicate with the user's facility card reader and line
drinter, by means of two instructions near the beginning of the
program:
KR = Card reader FORTRAN unit number.
KW = Lin2 printer FORTRAN unit number.

The program is supplied with IBM-standard values KR=5 and KwW=§.

4.37 Mode) Generation and Proqrom Flow

The panel structure model is creatad via several levels of
substructuring to minimize repeated processing of unwanted degrees
of freedom. Figure 23 illustrates the general hieravchy of the
finite-element wodel. Procedures FARFLD and RING gonerate the
two major components which are finally assembled to form the
complete structure.

Procedure FARPLD creates the far-field region, consisting
of uwpper and lower rectangular substructures generated Uy
procedure LUG,* and a center-:one substructure generated by

——Ala Gt IR ¢ v AL G vemalt gt At b At

*Differcnt from the attachment lug procedure reported in Ref. 1.
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procedure CZONE. Procedure LUG assembles a reqular mesh of

QUAD4 elements and elimirnates all except the upper-edge and
lower-edge nodes. Procedure CZONE assembles HOLEL together with
right and left portions modelled with QUAD4 eiements, and eliminates

all but the upper- and lower-edge nodes and the inner circular

boundary uodes. Procedure FARFﬂB éésembles the LUG and CZONE
comporents and executes additional Gauss elimination to produce
one of two major substructures:

1. "Panel-and-Hole", in which only the nodes along the
top and bottom edges of the panel and the nodes along
the inner circular boundary remain as boundary nodes
in the statically condensed structure. Displacement
restraints are applied at the bottom edge and nodal
forces are applied at the top edge to represent
uniform tension.

2. "The Chc¢shire Cat": a panel-and-hole with top and
bottom edges eliminated by static condensation (nothing
remains but the smile).

Only the Cheshire Cat option is used by the PANEL program. Number-
ing crnventions for the FARFLD cowpcnents are illustrated in Figs.

24, 25 and 26.

Procedure RING creates an inner cracked ring for assembly

inside the Cheshire Cat. The ring consists of two 150-degree
arcs and two 30-degree segments which contain QUAD4 and PCRK59

elements. The arcs are assembled by procedure ARC4, which also
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removes all interior nodes by static condensation. Procedure
RING assigns the angular locations of the components to obtain
the required crack positions, and determines where each PCRK59
element is to bhe placed in the 30-degree segments according to
the crack sizes A{(l), A(2). Finally, procedure RING assembies
and statically condenses the cracked ring to produce one of two
major substructures:
1. Ring with all but inner and outer circular boundary
nodes eliminated.
2. Ring with all but outer circular boundary nodes
eliminated.
Retention of the inner boundary nodes is useful for cases in which
bearing or interference-fit loads are to be applied at the fastener
hole. The outer boundary nodes must be retained for coupling
with the Cheshire Zat. The PANEL program uses only the second
option. Numbering conventions for the RING components are
illustrataed in Figs. 27 through 30. Procedure RING always
generates a ring with an cuter/inner diameter ratio of 2.52 to
maintain shape conformity for the QUAD4 elements.

Figure 31 illustrates the executive flow in the PANEL program.
After the problem input data have been read and printed and some
parameters have been calculated for control of the various
procedures, two major loops appear. The outer loop begins with
the creation of a Cheshire Cat, a step which must be repeated
each time the fastener hole is offset to a new position. This

is followed by address control and interconnection generation for
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the final structure, which will be axsembled from the Cheshire Cat
(super-element 1) and the cracked ring (super-element 2). The
interconnection algorithm is actually completed inside the inner

loop to =2llow the band-margin computations (Subroutine ORK) to

erase the X and g data from the previous pass. The remainder of

the inner loop consists of assembly of the Cheshire Cat, generation

and assembly of the cracked ring, global solutirn (subroutines
FACT and SIMULQ), a back-substitution to obtain 9, forr the cracked
ring substructure and finally, extraction of the PCRK59 displace-

ments from 9 and computation of KI and K The ends of the

I1°
inner and outer loops are governed by incrementation of the crack

angle and hole offset, respectively, and legical checks to determine

whether the prescribed ranges of these parameters have been swept. E

4.4 Output Conventions and Error Messages

Figure 32 illustrates a sample output from the PANEL program
(version 2, left side stiffened). The output from Version 1 is
similar, The heading identifies the program version and repeats
the user's input data. Below the material properties data appears

a table of KI and K solutions 1or one or two cracks, together

II
with their angulav positions. The KI and KI values are NASA/ASTM

1
standard stress intensities in unics of psi /in., assuming that
the input data was specified in corresponding engineering units
of psi for loading and Young's modulus and inches for dimensions.
The sample output is an example of the production information

cbtained by exercising the three options for deletion of debugging

output.
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Bazides the FEABL-2 software error messages [6], the follow-
ing diagrostics may result from the PANEL proarams. In procedure
RING, the lenath specified for each crack is checked to insure
that the crack tip does not extend beyond the average radius of
the outermost ring of quadrilaterails, i.e.:

Ry + AlT) € § (K, +2.528;) ; T=4,2 (54)

where R, is the inner radius ¢f the outermost ring. 1If Eg. 54

4
is violated, a message is printed and program execution is terminated.
T..is condition is somewhat conservative, since it restricts the
crack tip to a position mid-way in the PCRK59 element. Eqg. 54

may be replaced by:
Ry + AIT)S 0.3Ry + 0.742.52R; (55)

to permit the crack tip to approach somewhat closer to the outer
bour.Jary. In procedure CZONE, a check is made to insure that the
fastener hole offset is within allowable limits. This is done by
monitoring the node number of the fictitious center reference node
(see Fig. 25). Excessive offset causes an error message and

program termination.

4.5 Program Status

Both versions of the PANEL program have been exercised

successfully for all analysis options, and are maintained as

46




sequenced, 029-punched FORTRAN-IV source decks. Either version

requires 260 to 300 KBYTES (65,000 to 75,000, , words, or

10 10

176,750, to 222.3708 words) of core memory and approximately

8
0.8 to 1.0 CPU minute, depending upon the ranges of

the hole offset and crack angle parameters. Storage and time
statistics are based on runs made on an IBM S$-370/168 machine,
using the IBM FORTRAN-GL and FORTRAN-H compilers. Version 1

(symmetrical edge stiffeners) is listed in Appendix C. Version

2 (left edge stiffener only) is listed in Appendix D.
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Section 5

DEMONSTRATION EXAMPLES

A number of example analyses have been run to verify the
PANEL program code and simultaneously to explore the accuracy of
the analysis for a range of panel and crack dimensions wider
than considered in the HOLEL performance tests. The solutions
given here focus mainly on panels with centered fastener holes
having cracks at 6=0,n because there exist no independent solu-
tions with which to compare other configurations.

Figure 33 1llustrates the coarsest model possible tc generate
from the PANEL program: lugs consisting of two elements each and
a center-zone composed only of HOLEL. Also, the dimensions
chosen are such that the fastener hole is no longer small compared
to the panel, and since the outer/inner diameter ratio of the

cracked ring is 2.52, the HOLEL shape parameter in this case is:
W/DO = 4/2.52 = 1.59

a point well outside the range studied in the HOLEL performance

tests. The butterfly plots for KI and K shown in Fig. 33

IX
illustrate an error effect caused by proximity of the displacement
boundary conditions to the region of interest. In the present
case, the restraints are only two elements away from the “action"

(a lug QUAD4 and the HOLEL) when either crack lies below the
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horizontal. The error is most pronounced for KII at 6 = 225, 315
deqgrees. The error would be more pronounced as 6 + 270 degrees,

except that the solution tends rapidly to zero in this region.

A similar but less-pronounced effect can be observed in the plot

for K.. Comparison of K. for 8 = 0, 180 degrees with an indepen-

I I
dent solution (10, 1ll)] provides a more welcome result. Indeed,
it is quite surprising that “his very crude finite-element model
is able to faithfully reproduce the classical solution. The
general conclusion to be drawn from this test is that only the
upper half of the butterfly plot may be trusted when running
models with very few elements in the FARFLD substructure.

Figures 34 and 35 illustrate two runs in which the panel
and crack dimensions have been varied to explore the effect of
W/no. Also, the aspect ratios of the elements in the LUG sub-
structure were changed to allow more elements between the restrained
bottom edge and the center-zone. The latter modification has
eliminated the restraint error effect. Table 2 summarizes the
comparisons of results from Figa. 33 through 35 with the independent

solution, showing that reasonable accuracy has been achieved over:
1.59 & N/Do € 6.35

The greater error for the middle case remains an unexplained

anomaly.

Figure 36 illustrates the K, and K solutions obtained for

1 11

a panel of the same dimensions, hole radius, etc., scown in Fiq.

35, but with the hole offset to the maximum amount permitted in
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the model, a distance of 1.5 inches. Increases of the order
of 5§ to 10 percent are observed for KI' with the greatest
increase at crack tips which are located nearest to the edge
of the panel.

Figures 37 through 39 present results for some additional
studies of the basic panel shown in Fig. 35 to illustrate the
stiffening options. A stiffener factor of 0.5 was used for
these analyses, i.e., the added cross section area of each
stiffener was 50 percent of the panel cross section area.

Figure 37 plots KI and KII solutions for a symmetrically

stiffened panel. Results are shown for the fastener hole
centered and offset by 1 inch. There is very little difference
between the two solutions. Solutions for a panel with left-edge
stiffener and a centerad fastener hole are plotted in Fig. 38,

The results for KI and KII appear to bhe symmetrical. 1In fact,

very little difference can be observed .between the unstiffened,
symmetrically stiffened and asymmetrically stiffened panels (compare
Figs. 35, 37 and 38). Some diffe-ence is noted when the fastener
hole is offset 1.5 inches to the right, away from the stiffened
edge. Figure 39 presents the results for this case, which are
almost identical to the results for an unstiffened panel (compare
with Pig. 36). The tentative conclusion from these results is

that edge stiffeners and moderate offsets do not appreciably affect
K, and Ky for cracks at the fastener hole, at least for uniform

I
tension loading and when the hole and crack are not extremely close
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to an edge or stiffener.

Figure 40 summarizes the dimensional information for a panel
model used to study a broad range of a/RI ratios with W/Do'fixed
at 1.59. Table 3 summarizes the results for a series of cases
with equal-length cracks at 6=0,n. These may be compared directly
with handbook data because the dimensions of the model correspond
precisely with a published curve. The results are seen to be

quite reasonable over the entire range:
0.05 ¢ a/RI £ 1.25

Indeed some of the error indicated in the table may be attributed
to inaccuracy in reading the handbook chart. A number of other
cases for a single crack at 6=0 and for two unequal-length cracks
are compared with the foreqoing results in Table 4. Complete

butterfly plots of the KI and KII data computed from these runs

will appear in a later report.
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Section 6

CONCLUSIONS

This report has traced the development of a parametric
finite-element analysis program for computation of Mode I and
Mode II stress intensity factors in stiffened and unstiffened
panels with cracks emanating from centered and offset fastener ;

holes. Early attempts to model the structure entirely with

conventional elements, except for the crack-tip element and a g
few mesh-expander elements, proved to be unsuccessful. Test |
runs of these types of finite-element models quickly demonstrated
that asymmetric grading of the mesh was forced by the need to
aceommodate an offset hole and at the same time to keep the size
of the mode)l within economic bounds. The asymmetric mesh was
found to give extremely poor results for computed displacements
in regions of low stress gradient, and was therefore abandoned.
The assumed-stress hybrid method was called upon once again,

this time to provide a special element which could handle the

~ transition from circular geometry near the fastener hole to the

cartesian geometry natural to the rest of the panel. As finally
developed, the hybrid element occupied a 45-degree sector between
its inner (circular) and outer boundary. A:iry stress functions
from classical elasticity solutions near a hole in an infinite

plate wore used to provide the assumed stress field. The new
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element allowed a much cleaner, more economical finite-element
mesh to be designed, while at the same time providing accurate
computations near the fastener hole. Performance tests have
shown that the element is capable of occupying a stress-free
fastener hole boundary directly, and of accepting interference-
fit and cosinc bearing loading on the fastener hole surface.
Additional tests demonstrated that conventional quadrilateral
elements could be coupled in rings inside the inner boundary of
the new hybrid element, with no loss of accuracy. Some tests were
also conducted with hybrid crack-containing elements replacing
some >f the quadrilaterals. These tests demonstrated that stress
intensity factors could be computed to within a few percent of
the values given by well-established independent solutions based
on classical methods. In the final phase of the project, &
parametric program was developed and verified for analysis of
tension panels ia the various configurations mentioned above.
During the verification tests, the hybrid fastener hole-ring
combination was subjected te 38 variety of dimensional amd shape
parameters to further extend the range of measured yvr?érmanee.
The results of these tests have demonstrated that the panel
program is cabable of comput ing stress intensity factors o
within § percent or bettar for fastener hole ami orack sises found
in current aifframes.

The many example rosults presented in this roport arve still

A rathar limited data base, when compared with the number of slress

1
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intensity factor solutions needed for a comprehensive designer's
handbook. Some additional dats, which were generated in the
final verification tests but not incliuded in this report, will
appear in a later report in this series. However, further verifica-
tion tests are still reguired to broaden the range of applicability
of the panel program. One concern which has not yet been answered
is how close a rvow of fastener holes may be spaced, or how near
may & fastener hole approach the edge of a panel, before the
finite-clemant model experiences unacceptable degradation of
aceyracy. The data generated thus far seem to indicate that there
will be a limit in this respect, and that the limit may be severe.
Addicvion of mid~edge nodes to the edges which span between the
hybrid fastener hole element's imner and cuter boundaries may
permit cloger spacing, but will also require additional terms
in the assumed stress field.

| Another continuing concern is associated with the verification
process itself. <The cowbination of crack-coataining and fastener

hole elemants gives the capability to caspute K, and RX! for so

I
many varied cvonfigurations that the nuxerical analyst fiands hia-

salf sailing in uncharted waters. At the present time, parametric
codes like the panel program can only be calibrated against classical
solutions for KI at one o two data points, while they may cospute

as many as 100 dars points each €or K: angd KIK‘
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TABLE 1

COMPARISON OF CLASSICAL AND FINITE~ELEMENT
FRACTURE MECHANICS SOLUTIONS

Number of Crack Size, Hole Radius, K. (psi/in.) LA
Cracks a (in.) R, (in.) a/RI Biact FEM Error
2 0.04 0.08 0.5 650 €30 3.0
1 0.04 0.10 0.4 660 675 2.4
2 0.J8 0.10 0.8 792 171 2.7
2 0.05 0.20 0.25 310 919 -
2 0.20 0.20 1.0 1150 1170 i.9
TABLE 2
COMPARISON OF CLASSICAL AND FINITE-ELEMENT g
RESULTS FROM THREE DEMONSTRATION EXAMPLES E
{Fasteoner hole with 2 cracks)
Crack Hole HOLEL K, (psivin} 3
Case Fig. Size {in.) Rad. {in.}  a/R, WD ERact M gErvor
c 1 31 0.1 0.5 9.6 1.5%  1%.9 1300 1.0 5
2 34 0.12% 0.2% g.% 3017 1o 111 4.1 %
3l 19 0.1325 9.135 1.0 £.15 38d 880 a.7 i
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TABLE 3

PERFORMANCE OF PANEL PROGRAM AS A
FUNCTION OF a/RI RATIO

(Structure model in Fig. 40; cracks at #=0,7.)

a(in.) and K. (psivin.) %
a/RI Exgct* FEM Error
0.05 1144 1160 1.4
0.1 1673 1613 3.6
3 0.2 2037 2051 6.7
P 0.4 2474 2445 1.2
A 0.6 2735 2715 0.7
g 0.8 2973 2897 2.6
k- 1.0 3257 3099 4.9
-4 1.2 3521 3401 3.4
E 1.25 3588 3500 2.5

*Ref. 11, p. 19.4, curve marked h/b=2, R/b=0.25.

) KT TLR DTS S

t TABLE 4
§
E ADDITIONAL TEST OF a/R; RATIO
g
i (Structure model in Fig. 40; one crack or two unequal cracks.
alin.) and a/R. K, (psiv/in.) at 0=0 2
S 8=0 9=m - FEM Exact (from Table 3) nifference
g §
e 0.05 -—- 1155 1144 1.0
E 0.1 - 1600 1673 4.4
3 é 0.2 —— 2000 2037 1.8
E | 0.4 -—- 2302 2474 6.9
3 b 0.6 - 2466 27135 9.8
e 0.8 - 2522 2973 15.2
1.0 -—- 2602 3257 20.1
T 1.2 —— 275§ 3521 1.7
E & 1.25 -—— 2813 588 21.6
3 0.05 1.25 1447 1144 26.5
o & 1.25 0.05 2824 3588 21.3
E 57
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CONVENWTIONAL FINITE -ELEMENT
FASTENER HOLE
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MODEL OF PANEL WITH OFFSET
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READ & PRINT HEADING
AND INPUT DATA

!

COMPUTE NUMBER OF QUAD4
FLEMENTS REGUIRED ACRDSS

PANEL k\IDTH;_ SET OFTIONS, ET™.

.

FARFLD
v

SETUP ; CREATE INTERCONNGCTIONS FOR
FINaL ASSEMBLY:
(1) CHesMIRE CAT

- (2) CRAckED RING

ASSEMBLE (HesHIRE CAT

3
RING

AssemBLy CRACKED RiN&

}

GLoBAL SOLUTION
QBACK (rine)

Compure Kp, Ky

v

IncrREMENT Bcpack

bmeeeen TNCREMENT OFPSET

FIG. 31 EXECUTIVE FLOW CHART FOR PANEL PROGRAM
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CONTRACT #1739

PROBLEN RO. 3

LEPT SIDE STIFPFEWED

TUPUT DAT?

FLATE GECMETRY:

PIATE WILTK= 0.4000CE+C1

FLATE LEKGTY= C.1C0CCE+02

ELATE THICKNESS= 0.1CCCOE+01

FLATE STIFFENEE FICTICR: 0,500

FAR FISLC LOALING (FSI}= 0.1CCCOE+0L

RACIUS OF HOLE= 0.325CCE0C

HCLE CFPSET INDICATCR= 1{=0, HOLE REMAINS CENTERED
=—%, HOLE MOVED TC THE EIGHT
=21, HOLE MOVEC 15 THE LIF{)

twﬁﬁﬁgﬁﬁgg.dﬂﬂn

CRACK LATR:

CRACK NC. 1 : CRACK LENGTH= 0.125002+090

INITIAL CRALCK POSITIONS 1({ 0.0 CEGREES)

2y FINAL CRACK POSITION= 13 180,000 DEGREFS)
CRACKX NC. 2 : CRICK LENGTH= 0.12500%¢00

INITIAL CRACK POSITION= 1({ 180.000 DEGREES)
FINML CRACK POSITION= 13( 360.000 DEGREES)

»

MATERTAL PHOPERTIES:

gy ~29'E"~"‘-

YCUNGS FCLULUS (B)= C.10000r+(C8
ECISSGNS FATYO= 0.3GCOCGE+Q0

CRACK NO. 1 ANGLE= .0 KI= 0,87369F+03 RIX= 0.11428E+00
CEACK EC. 2 ANGLE= 180.000 Ki= 0.87216F4(3 RII= 0.45826E+00
CRACK NC. 1 ANGLE- 15,070 KI= 0.87397E+023 KITI= 0.35178E¢03
CRACK NO. 2 ANGLE= 195.000 KI= 0.87177F+C3 KIT= 0.15054E¢03
CRACK KC, 1 ANGLE= 30,090 KI= 0.82898F403 KII= 0.58763E+03
CRACK ‘NG. 2 ANGLE= 21C.030 KI= 0.82647F¢C3 KIT= 0.58543F¢03
CRACK NC. 1 ANGLE= 45,030 KI= 0.60824%403 KII= 0.58508E403
CRACK NC. 2 MNGLE= 225.030 KI= 0.60659E+4C3 K1I= 0.58246F+03
CRACK KG. 1 ANALE= 60.030 KI= 0.27609F4C3 K1I= (0.UU34LED]
CRACK NG. 2 ANGLE= 24(.020 K1= 0.27596E403 KII= 0.44213E403

FIG. 32 SAMPLE OUTPUT FROM PANEL PROGRAM

87

SRR R o oY S I

fyte’ Ay

s ' a6 B S Sz 1 2R e A Gl ¢ WSRO £00)

POy S

. o e o < o o e st R A S F o3 b T,
ENSPw IS




I B it <ot A

t 27

5 RISO.SW . e KI
oot | AsAR)= 0.3 0 Exacr ¥z (1]
ol --te-- Kg

S l?
Nt 0 4 2
H & [ ry a a2 Y a2 " & 2
L L4 Ad v 2 § ) : 3 r— >

FIG. 31 PANEL BUTTERFLY PLOT FOR W/DO=1.59

88




AR S iR i LA G A G A RS A R St e

13§ 45

\
2y 345

/ i \
L kes¢ 270

Rlz0.25" —O—— Ka/¥W
T At)wo.ias® O Ewact K H® [10]
‘0“ Ah)'ﬂon"“ -"ﬁ"'- kn. /ﬁ

' 0 0.§ 1
1 o e et E e e
l_ 4* ksi 75

FIG. 34 PANEL BUTTERFLY PLOT FOR W/'DO=3.17

89

e L

I PV S

w4

PN - Sl - o, ok
P S S 7 sV g M ey SR N DU R N T

T S LA




2257 IS

{ kﬁ I l \

170
RI-0.t25"* —o— K¢ _
Al)s 0.125" O Exacr Kgliol

fo" » . -
©- o Al2)s 0.128 ~a-= Kxr

- (/] 0.5
4" ksi /T8

FIG. 35 PANEL BUTTERFLY PLOT FOR W/D°=6.3S
90

T ot b

B e T e U ST S PO,

e b L Tl il D, M Al el i B 3 S K st

w \»a.'.u.g.ﬂi

RN ez e L

Pl e

I3 SF R




180

e 4" —f

PIG, 36 BUTTERFLY PLOT FOR PANEL WITH H/DO-G.JS AND FASTENER
HOLE OFFSET 1.5 INCHES TO RIGHT

AN
345
/ \
/ | \

270
R120.128" O Ky
Al)s A2) so.028"

“0
orrsaTs 1g* o K
0 0. |

ki Via'

91




i

A T 2o, T

T S T I T U

90

Ll oS e e AL e

1 kst ! | \

1270 0 o OFNETH ;.§°

Rl=0.11," S V- kx ®
Al1)=Afs)« O.128"

ot fuptpr 0. e Koo

&

0 0§ 1
b 4" —] O
kei Via"

FIG, 00 BUTERFLY PLOT FOR SYMMETRICALLY STIFFERED PANEL WITH
STIFEENER FACTOR - ALY

gy




1 kai ! | \

179

Rie 9. 125" T “l
<> 10" NQ'A“)“J:S’.

I

-J- 0 0.5 i

l— 4" -] P YRR W SO VU PV W A
ks ViR

FIG. 38 RUTTERFLY PLOT FPOR PANEL WITH LEFT EDAE &TIFFENED
(FACTOR = N,%1 AND HOLY CENTEARD

93

~r-- Ky




P A UL

90

e L e S e e e o

Ul i AN miinn & e e e e L 2

e it

igo

e y::."\/\»,)__ a5 R R L .

i kgq i ! \

270
R1z 0.0 i Ky

AlLjsAlz) =daas®
O io* R
OrEser«i.s” a-- Ky

b e A T WA sl S Tamt o 4

ks¢ in
PIG. )9 RUYPPERPIY PLOT FOR PANEL KITH LEFT EOGE STIFPENED AND
HOLE OFFS3ET 1.9% IXCHES T RIGHT

A1 ]

b

,'
q

i

B!

,
i
1
3

A
~
oy
i




{ ks

trteettedeteieg

-y
~—
-

'/ AfL)=d. 25" \\\
™ 0N

-
-

&

Al2)z 0. 55% . ..~ A 252"

et deee s W GeeE Gl Gmrie gMet G et e week e e

. . 8"

> W &

w/D,«1.59

0.05 $ A1) HR)§ daS

FIG. 40 PANEL DIMEHSIONS POR TEST OF SENSITIVITY TO a/fy

95

R A ANh

R AT SRR RN

A Y GENAGIIEAT, AP

R e WO e T s b B et RN it R i

Wl e b L

NN W e i e

R b




§
i

Appendix A

ALGORITHM FOR TRANSFERRING A SUBSTRUCTURE

T RESERVE STORAGE

Assume that a standard ['LABL-2 assembly has been executed,
znd that the assembled structure has been statically condernsed
with subroutine STACON. The objective 1is tu transter the con-

. . {c:) {
-~ € ~
densed stiffness matrix KBB B

vaector (desicrated by RNAME,INAME) to reserve stovage. Assume

and force Q C)t’rom the FEABL DATA

c . ey . . . _ fo)
further that Kés} is almost fully populated. Theretore, KRE' 1S
to be inflated to a fuily populated, lower~triangle-voector-storad

matrix during the transfer process. For this purnoese, vectors
STORK and STORCQ arve limensioned in the MAIN grogram ta at least
NiN+11-2 ana ¥ words respectivelv. wherg N is the total number

of bouadary {uncoudensed) degrees of freoodom remasiniag. Veotor

e e v i) . NS
LTORE will recerve kq; » whiieo 5TORD roceives Q% .
N R

Geher varthables appearisn, in the aweranhn play the fallowing

reles. ISERO 1s the firsy uncendensod dearse of freedms, .o,

PABRO = NID+1. T and J are lovp indloesd witadh dontrol progress

N fe) ~ () C e .
thiowsh an e gg Toan the PATA vector: Y o lor tho owonoand !
for the eolumns. 1f & row is eacountered for which the band mavain

{c}

ne lies to the riubi of column 12880, then sope loading zeovros

of K

must b inserted in the corresponding row in STORE,  ILNICDL 1
{

used to compute and compare the bhand marain., 1! is used o hnald

the variable-bandwidth addres: 1nformation raguired to Incate
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stiffnesses in the DATA vector belonging to ROW I. M, N and MN
are used to trace the lower-triangle address in vector STORK.
IKQUNT, ILNZ and IQ are FEABL address control parameters located
in the BEGIN labelled COMMON area. NDT is the total number of
degrees of freedom in the assembled structure (boundary plus
interior), available in =he SIZE labelled COMMON area.

The transfer algorithm begins immediately after subroutine

STACON has been executed:

IZERO = NID+1

M=0

DO 20 I=IZERO, NDT
II=1NAME (IKQUNT+I-1)
M=M+1

STORQ (M) =RNAME (TQ+I-1)

N=0
DO 10 J=I4ERO,I

N=N+1

SIS Y TN -

MN= (M* (M-1))/2+N

STORK (MN)=0.0
LNZCOL=INAME (ILNZ+I-1)
IF(LNZCOL-J) 5,5,10
S5 STORK(MN) = RNAME (II+J)
10 CONTINUE

20 CONTINUE

.
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